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Abstract. We study a van Hemmen's version of the  infinite-ranged Ashkin-Teller spin glass 
with particular emphasis on the determination of its phase diagram. Comparisons with the 
Sherrington-Kirkpatrick version of the same model and with the random band Arhkin- 
Teller model on the Bethe lattice are also made. 

In a recent paper (Moreira and Christian0 1991) we studied the infinite-ranged 

by Sherrington and Kirkpatrick (1975) and Kirkpatrick and Sherrington (1978) for the 
Ising model. In this letter we adopt a complementary approach and study the Ashkin- 
Teller spin glass following the model introduced by van Hemmen (1982) and van 
Hemmen et al (1983) (hereafter referred to as VH) several years ago. This model, 
besides allowing a simple mean field description of the spin glasses, offers a quite 
direct application to neural networks such as the Hopfield model (Hopfield 1982). In 
that sense, the extension of this study to the Ashkin-Teller model (ATM) (Ashkin and 
Teller 1943) enables the introduction of neural networks with two levels of memory 
which seems to us very interesting and promising. 

As is well known (Fan 1972), the ATM Hamiltonian can be written using Ising spin 
variables by putting two of these variables in each site and introducing a four-body 
interaction, so that the infinite-ranged Ashkin-Teller spin-glass Hamiltonian should 
be written as 

A a h L i n - T e I I P r  cnin nlnrr with C.r.scrinn A k + v i h m t d  eurhnnnm intr.r>rtinnr nr nmnncell ,. ".._... .".._L ~ Y . . .  6.1"" ...... .-.. -.."..."".-" -__ ..-.. ~" ...... "_.."..1 I" ~.-.r""-" 

H = -$ 1 [J(''U.U.+ 'I 2 J J',"S;S, + J I : ' ~ , S ~ U ~ S , ]  (1) 
(il) 

where the U'S and the S's are lsing spin variables assuming only the values *l, the 
J's are random interactions and the sum runs over every pair of spins. Following 
Provost and Vallee (1983) we write the van Hemmen version of the ATM spin-glass 
Hamiltonian in the more general form: 

1 H = -- 1 [ JYupj  + J:SiSj + J y ~ l S ; o ; S j ]  
N (il) 

where J Y ,  J :  and J :  are ferromagnetic couplings and the Cs, y 's  and $'s are random 
variables distributed according to the law: 

P ( x ) = ; S ( x -  l)+$S(X+ 1). (3) 
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A direct adaptation of the original VH proposition is obtained when the sums over 
+, y.  a, p, 0 and E run from 1 to 2 and the matrices Ji ( i  = 1,2,3) are defined as: 

0 J; 

. Jt 0 
Ji=[ ] i = 1, 2.3. (4) 

It is worth mentioning that this is only one of the possible generalizations of the 
VH spin glass for the ATM. Another quite different possibility, for instance, is obtained 
vy amurrurrg ~ u n ~  (i’s are iioi iiidepeiideiit ~ i i i h b k s .  lii ihis case, ihey can be 
constructed as functions of the 5‘s and y’s. 

Introducing the vectorial notation 6: = 
(&,, G j 2 . .  . . ) and defining: 

L.. :-- .L^. .L^ 

ti,,. . . ), yi = ( y ; , ,  y j2 , .  . . ) and $j = 

1 1 
N i  N i  

m , = - x S .  42 = - x YiS 

the Hamiltonian (2) can be written as 

N 
2 H = -- [J?m:+ J:m:+ J~m:+q,J,q,+q,J,q,+q3J3q3] .  ( 6 )  

From this Hamiltonian the procedure introduced by Provost and Vallee can be 
straightforwardly generalized. Then, using the Gaussian identity 

m 

e ~ p [ A a ~ ] = ( 2 m ) - ” ~  dx e x p [ - ( ~ ~ / 2 ) + ( 2 A ) ~ ’ ~ a x ]  (7) L 
performing the trace and using steepest descent integrations one obtains the free energy 
per spin: 

f = t [ J ? m ? +  J%i + I%:+ q1 Jlq, + q2Jzq,+ q3J3q31 

(8) 
: 
P 

-- (ln{4 cosh L, cosh L, cosh L,(1 +tanh L, tanh L, tanh L3) ) )  

where 

L,  = P J h + P 6 J 8 q 1  (9a) 

L2= PJ:m2+P~J2q2  (96) 

L3 = PJ%, + W J 3 q 3 .  (9c) 

The order parameters m,, q- ( a  = 1,2,3) are obtained from this free energy impos- 
ing the extrema1 conditions 

(af /Jm,)=o ( J f / d q . . )  = 0 (a = 1.2.3) (10) 

(110) 

(116) 

as 

m. =((tanh L, +tanh L, tanh & ) / ( I  f tanh L, tanh L, tanh L,)) 

q?’=(O,,(tanhL,+tanh L, tanh L,)/(l+tanh L, tanh L, tanh L , ) )  
where a, p and y are taken to be different and 0, is the corresponding random variable. 
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Through the introduction of auxiliary external magnetic fields h, ,  h, and h, acting 
on the U ' S ,  S's and US'S, respectively, it is easy to show that the m's are the usual 
ferromagnetic order parameters for the ATM 

m l  = ((4) m2 = ( ( S ) )  m3 = ((4) (12a) 
where the internal brackets mean thermal average and the external ones the average 
over the random variables. Concerning the other order parameters one obtains 

97 = (5,(4) 9:=(h(S)) 95 = ($+(4). (126) 
They can be interpreted as the spin-glass order parameters observing that a non-zero 

q means that there is a correlation between the average value of the spin variable and 
a random variable or, in other terms, that this spin is frozen at  random. 

Specializing for the particular case in which the random variables 5, y and $, and . .  ,I.-.. "lr,.+I.. ,..,ia..."."...,%*a." "6. " P  ""A "I' L^..-.^..I.. .... ̂ ----- --..." ^^ ..-."."",,.. 
L L I C . .  ".I" L..C " L U L L  p'P.P"LCLC." y , ,  9 ,  -,,U y,, Il'a*C "M1J ,I*" L",,,p",,.ZL,,>, a> ""gLL1""J 

proposed by van Hemmen, the free energy (8) is reduced to 
f = f [ J ~ m : + J ~ m : + J ~ m : ] + J , 9 1 " 9 ~ * ' + J ~ q ~ ) q ~ ' + J , q l  ( I )  93 ( 2 )  

1 
--(ln(4cosh L ,  cosh L,cosh L,)(l +tanh L,  tanh L,  tanh L3)) .  (13) 

Following VH, we now assume that the extremum of the free energy is obtained 
when the two components of the order parameters 9.. (a = 1,2,3)  are equal so that it 
can be written as 

f = f[ J:m: + J:m: + J!m:] + J ,  9: + J,q: + J,q: 

P 

1 
--(ln{4cosh L,coshL,coshL,(l+tanhL, tanhL,tanhL,)]) (14) 

P 
and the order parameters as 

m, = ((tanh L, f tanh  L, tanh L y ) / (  1 + tanh L, tanh Lo tanh L,)) 

q.,=(~(B,+B,)(tanhL,+tanh Lp tanh L,)/(l+tanh La tanh Lp tanh L?) 

where, now 

(150) 

(156) 

(16) 
where we are using the notation introduced in (11). As those equations involve an 
excessive number of parameters, in the following we will restrict ourselves to the study 
of some few particular cases in which there are only two parameters. These particular 
cases are obtained either by the vanishing of some of the parameters or by imposing 
some constraints between them. 

Proceeding in this way we observe that the VH Ising spin glass in the variable US 
is recovered when J : = J : = O  and J ,  = J 2 = 0  and the regular ATM (Christian0 and 
Goulart Rosa 1985) when J ,  = J2 = J ,  = 0. In the other particular cases studied we will 
always impose that J y =  J : =  Jo and J ,  = J z =  1. As can be easily seen from equations 
(15) under these constraints, the variables U and S will display the same type to 
ordering. In the phase diagrams (figures 1) this ordering is indicated by the first letter 
while the second one describes the ordering of US. Also, in these phase diagrams, the 
dashed lines indicate the regions in which there is more than one solution. For 
sufficiently high temperatures all phase diagrams present a paramagnetic phase (P-P) 
in which there is no ordering at all and then all the order parameters vanish. Let us 
discuss and describe the others phases shown in the phase diagrams. 

Lm = PJ:mm, +PJm9A4 + 0,) 
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Figure 1. Phase diagrams for the particular cases in which J : =  I : =  Io and I ,  = J ,  = J and 
( a ) J ! = J o ,  J , = J ; ( b )  J : = J O = O ; ( c )  J , , = J 3 = O : ( d )  J!=J=O.Thephasesareindicated 
"y I W "  ICLLSIS.  ,I,= un, ti""csp"""J L" LllC " ' "S""~  "1 LI1S IIIYIYI"Y.%, "p",, " 48," 0 a,," 
the second to the ordering ofthe pair d. Besides thc usual paramagnetic ( P ) ,  ferromagnetic 
(F) and spin glass (so) orderings a mixed (11) ordering in which all the order parameters 
are non-zero is also shown. The letters A, B, C, D and E indicate regions of coexistence 
of solutions. 

L I .L. a--. ......_._ I. .- .LA --A-L..- .F.L. :.A:..:>..-, ..:.. -.__ I  c ..> 

Case A. Jp= J : =  J,"= Jo and J ,  = J2 = J, = J (figure l(a)) 

In this case, as can be seen from equations (15). m, = m2 = m, = m and 9, = q2 = q, = q. 
So, the variable US presents the same type of ordering of U and S and the complete 
set of order parameters is reduced to only two-m and q. This observation is confirmed 
by  the numerical analysis and it is also possible to show analytically that Ising-like 
solutions in which only one pair of order parameters (e.g. m, and qJ is different to 
zero are unstable everywhere. These solutions should correspond t o  the Mattis state 
fou'nd in the Hopfield neural network model (Amit er 011985). Besides the paramagnetic 
phase, there is a spin glass phase (SG-SG) in which m = 0 and q f 0, a ferromagnetic 
phase (F-F) in which m # 0 and q = 0 and a mixed phase that, following VH, is indicated 
as (11-11). In this phase 9 # 0 indicating that the spins are frozen and random but also 
m # 0 indicating that there is a ferromagnetic component, so that one should say that 
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in this phase the spins are randomly frozen around a preferred direction. In region A 
the ferromagnetic and spin glass solutions are simultaneously present but the ferromag- 
netic solution represents only a local minimum of the fr.ee energy. In region B and in 
the region occupied by the mixed phase the coexistence happens to be between this 
solution and the ferromagnetic one that corresponds to a global minimum only in 
region B. The appearance of these regions in which two solutions coexist is an indicator 
of first-order phase transitions in the sense that there is a gap in the order parameters. 

Case E. J:=Jo=O (figure l (b))  
It is easy to see that under these conditions m, = m2 = m3 = 0 and the system of equations 
(15) is reduced to: 

q1 =q2=(f(f ,+t2)(tanhL,+tanh L,tanh L,)/(l+tanh L,  tanh L,tanh L,)) (17a) 

q3=($(Jl,+J12)(tanhLl+tanh L,tanhL,)/(l+tanhL, tanhL,tanh L3)). (176)  

In this case, the phase diagram is quite different from the previous one. First of all it 
should be noted that there are two phases in which the variable US does not display 
the same type of ordering of U (and S). For J,> K T >  J the individual spins U and 
S do not order at all, behaving as in a paramagnetic phase, while the pair US assumes 
a spin-giass ordering. Tnis phase is indicated by P-3G in the phase diagram. Tie  other 
phase in which the spins do not show the same type or ordering is the phase SG-P in 
which the individual spins u(S) freeze in a spin-glass phase and the pair US remains 
disordered or in a paramagnetic phase. It should be noted that this phase is not 
restricted to the region J >  K T >  .I,, as expected, but it also penetrates in a region in 
the phase diagram where J3 > KT. This is a clear indication that the spin-glass ordering 
of the individual spins u(S) make difficult the spin-glass ordering of the pair US when 
J > 1,. Another important difference between these phase diagrams is the disappearance 
of the regions where two or more solutions coexist. Considering only the behaviour 
of the order parameters, all transitions in this case should be second order. 

This phase diagram can be compared with the equivalent ones obtained in the 
Sherrington-Kirkpatrick version of the Ashkin-Teller spin glass (figure 2 ( a )  in Moreira 
and Christiano (1991)) and with that obtained for the random-bond isotropic ATM in 
the Bethe lattice (figure 2 ( a )  in Christiano and Goulart Rosa (1986)). There are 
important differences. Concerning the former we observe that the main differences 
refer to the appearance of the phase SG-P and a dislocation in the transition line 
between the phase P-SG and SG-SG. It is important to mention that the phase diagram 
in this case was constructed considering the replica symmetric approach and that all 
these differences happens to be in the region in which this solution is unstable. Besides 
this, the spin-glass order parameter in the replica symmetric approach measures the 
average over the disorder of the spin variables squared thermal averages and then the 
ordering of the individual spins U and S, even in a spin-glass phase, drives the ordering 
of the pair US, preventing the appearance of a paramagnetic phase concerning this 
variable. On the other hand, the spin-glass ordering of the pair US also drives the 
ordering of the individual spins U and S in some sense, facilitating the spin-glass 

referred above. One can say that the Ashkin-Teller spin-glass order parameters in the 
Sherrington-Kirkpatrick replica symmetric approach are more correlated than they 
are in the VH version in which the replica approach was not used. It i s  worth mentioning 
that this absence of correlations between the order parameters in this VH version is an 

ordering of i'nese varia'iies, which ai-counis fOi the &s:oca;ion of ;he ;iansiiion iine 
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artifact of its construction considering the random variables associated with the pair 
US independent of the ones associated with the individual spins. Of course, when one 
assumes that these variables are correlated, quite different results are expected. A 
simple version of this model introducing correlations between these variables will be 
published elsewhere. 

Concerning the random bond isotropic ATM in the Bethe lattice, as observed by 
Christiano and Goulart Rosa (1986) the main differences between the phase diagrams 
can be attributed to the fact that when Jf’ is made equal to J y )  the correlations 
between the order parameters are even greater and the ordering of the individual spins, 
even in a spin-glass phase, drives the ferromagnetic ordering of the pair US. In this 
case, the phases SG-SG and P-SG are substituted by a spin-glass-ferromagnetic phase. 

Case C. J o = J 3 = 0  (figure l (cj)  
%.is phase diagram is very simi!ar !o !ha! obtained for !he P.herring!on-Klrk,na~ri~k 
version of the Ashkin-Teller spin glass, differing only in the localization of the transition 
line between the SG-SG phase (in which both the individual spins and the pair US 
assume a spin-glass ordering) and the SG-F phase (in which the individual spins 
assume a spin-glass ordering and the pair US a ferromagnetic ordering). In region C 
the SG-F solution coexists with a SG-I1 solution (in which the individual spins present 
a spin-glass ordering and the pair US ’orders’ in a mixed phase as discussed in case 
A) but the latter represents only a local minimum of the free energy. The differences 
between this phase diagram and the equivalent one for the random bond ATM in the 
Bethe lattice are essentially the same discussed by Moreira and Christiano (1991). 

CaseD. J:=J=O(figure I (d j j  
In this case, the phase diagram is quite similar to those obtained in the Sherrington- 
Kirpatrick version and in the Bethe lattice. It differs only by the presence of a F-I1 
phase in which the individual spins order ferromagnetically and !he pair US ‘orders’ 
in a mixed phase. This is a quite unexpected situation because the ferromagnetic 
ordering of the individual spins should determine at least in principle the ferromagnetic 
ordering of the pair US. The appearance of this F-I1 phase seems to be a consequence 
of the great independence between the order parameters, as discussed in case A. In 
both regions D and E the phases F-I1 and F-F coexist but while in D the phase F-I1 
represents the global minimum of the free energy, in E this minimum corresponds to 
the phase F-F. 
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